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I. INTRODUCTION

During the period of this program the scientiﬁcb objectives were to complete a study
of one-dimensional electrostatic plasmas using the discrete Hamiltonian method, and
to construct a model of ridged high harmonic gyrotron oscillators using “standard”
gyrotron modeling techniques. Ridged gyrotrons appear ideal for the future applica-
tion of the multiple time scale, discrete Hamiltonian method. As with all gyrotrons,
ridged gyrotrons are characterized by several primary time scales, which are the cy-
clotron period, the cavity RF field oscillation period, and the transit time through the
gyrotron tube. If only Ofe harmomc is being considered, then the cyclotron period and
the ca.vxty(ﬁ} oscxlla.txon perlod need not be treated separately since only the difference
between them has significance. For high harmonic emission, however, the ridged gy-
rotron appears to require the simultaneous treatment of multiple cyclotron harmonics
and hence multiple harmonic bnme sC 'n addition, mode competition, which can

nd I -feu wé ot

lead to coupling between multiple RF ca.vxty modes, is possible and would also result
in the need to treat several cavity frequencies simultaneously. - i

In investigating electrostatic plasmas, difference equations were obtained by inte-
grating over unperturbed orbits, allow time steps much longer than the linear mode
oscillation period. In our gyrotron modeling, we developed a detailed linear theory, and
a nonlinear model using a non-interacting test particle approach to solving the electron
guiding center coordinate system equations of motion in assumed cold cavity RF fields
for ridged cavities. The ridged cavity systems which we studied have good potential for
producing high frequency radiation from high harmonic emission. Our studies can be
used to provide direct theoretical support for the ridged rectangular cavity experimen-

tal program being conducted by Ferendeci [1]. Two papers were submitted for journal

publication during this contract period and one paper was presented at the Eleventh
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International Conference on Infrared and Millimeter Waves. Copies of the papers are

given in the Appendices.




II. TECHNICAL REPORT

A. DISCRETE HAMILTONIAN METHOD

In order to test the discrete Hamiltonian method in relatively simple circumstances,
Dr. Decyk and Dr. Menyuk studied one-dimensional electrostatic plasmas, which were
either Maxwellian distributed or had a warm beam present. The discrete Hamiltonian
method is predicated on two basic ideas: 1) By integrating over unperturbed orbits, it is
possible to take time steps which are substantially longer than is possible using leapfrog
codes which simply extrapolate linearly in phase space. 2) The equations of motion
of a closed plasma (including electromagnetic interactions) are Hamiltonian. There-
fore, by retaining this property in the discrete equations, one avoids certain nonlinear

instabilities which can be very damaging to the long-term behavior of the system.

In principle, the discrete Hamiltonian equations can be written such that the
discrete change in the particle spatial coordinate and momentum AZ and Ap depend
on the initial value of Z and the final value of p. When integrating over the unperturbed
orbits, we do not assume that the field is frozen, the assumption which is generally
made in leapfrog codes. Instead, we assume that the waves vary according to the linear
dispersion relation. This assumption allows us in principle to take time steps which
are long compared to the linear mode oscillation period, but are short compared to
the nonlinear time scale. Our formulation requires us to sum over the different linear

modes in the system. In the one-dimensional, electrostatic problem which we have
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studied, the discrete equations describing the particle push may be written as [2]

”n
vl gt = Zk: m(v“+qlg—£w,,/k) { cos [kz" + (kv™*! —w) 1 + ¢7]

—con (ke” +47) |,

Q’l
PRt ? e Z m(v"*"‘l —Tkwk/k)z { sin [kz" + (kv"*! —wi) 7 + ¢}
k

—sin (k2" + ¢}) — (kv™*! — wy) 7 cos [kz" + (kv™*! —wp) 7 + ¢7] },
(1)
where the superscript n indicates the time step, the subscript k indicates the mode
number, and the ordinary variables k and w are the wavenumber and frequency respec-
tively. The variables r, ®}, ¢%, and v, give respectively the size of the time step, the
mode potential, the mode phase, and the phase velocity. In the sum over k, we must
distinguish between forward-going and backward-going waves. We do so by use of the

particle current as well as the charge. Writing

cE = (k2/41r) Dikcos(—wikT + k),

(2)
§% = (k?/4m) ®spsin (—wrrt + bk),
we find
C* = (1/2)(orr + kikr/wk), C~ = (1/2)(prr — kjkr/wi),
St = (1/2)(pxi — kiki/wk), 5™ = (1/2)(pri + kski/wi), ®

where + and — indicate respectively the forward-going and backward-going waves while
the subscripts r and ¢ indicate the real and imaginary parts of the charge and current
in the usual Fourier decomposition.

Equations (1-3) are only weakly implicit; that is to say that the discrete equation
depends on the field at the beginning of the time step. As a consequence, one can solve

for the change in z and v directly for each particle using Newton’s method.

4
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It is natural to inquire whether the lack of time-centering of the fields which this
represents has any bad effects. It is possible, in fact to write down a strongly implicit

form of (1) which is time-centered and strongly implicit

n+1
p*l gt = Z,,: {m(v'f"q:k— iR cos [kz" + (kv™*! —wy) 7 + értt]

9%} ngn
- m(v""‘l —wk/k) cos (kz + ¢k) ’
ntl _ n _ n+l_ qQ:+l in [kz™ + (ky™+! n+1
z 2" =" 17 Z k(T = e R sin (k2" + (kv"*! —we) 7 + 97 +)
k

_ (kvn-o-l _ wk) 7 cos [kz" + (kv"+l - w,,) T+ ¢2+1] }

o5 : n n
- m(vﬂ+‘11 —kwk/k)’ sin (k2" — ¢%) ) .

(4)
The linear dispersion relation which results from (4) agrees erxactly with the linear
dispersion relation obtained by solving the continuous, exact equations of motion, in
contrast to (1) which has small differences. We tried solving (4) using a predictor-
corrector approach. Remarkably, however, this approach did not converge. We will
return to the reason for this later. As a consequence of this non-convergence, we
always used (1) in practice.

The first problem we faced in solving these equations is that calculating all of
the sine and cosine functions in (1) for each of the modes proved to be prohibitively
expensive even for a restricted number of modes (16 or 32 in practice). To deal with
this difficulty, we wrote the code, including the Newton’s method iteration, to take
advantage of vectorization on the CRAY computers (where we ran our code) and also
to make maximum use of recursion relations. Through the use of these relations, it is
possible to reduce the number of cosine and sine evaluations to one each per particle per

time step. With these changes, each time step in our code was a factor of 5 longer than
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in an optimized leapfrog code. Thus, the crossover point to obtain computational time
saving occurs when wp,7 = 1, a value which we regularly exceeded in our calculations.

Menyuk and Pecyk (3] have already reported that when modes are present with
phase velocities in the bulk of the plasma, the discrete Hamiltonian approach is strongly
unstable. The reason is that the wave amplitudes fluctuate rapidly on a time scale
about equal to w;,‘ and the code cannot follow these fluctuations since they violate the
assumption that wave amplitudes change slowly on the linear time scale. While the
fluctuations are due to the use of discrete particles, little improvement is obtained in a

thermal simulation plasma by increasing the number of particles. The time scale of the
1/2

fluctuations scales like the trapping times in the individual k-modes, 7yt x E;
and E; o« N™Y3 where N is the number of particles. Hence, 7siuce x N~/4 and
increases only weakly with N. Our constraint is 7 < 7 for stability. We have
verified that increasing the number of particles in our simulation by a factor 16 allows
approximately double the size of 7 before the strong instability sets in. When it is
present, it occurs on a time scale wy. T ~10-20 for the cases we ran, where T is the
total run time.

During this contract period, we also found a new source of numerical instability
which occurs on a very long time scale, w,.T =~ 300 when wy.7 = 4 and wpT =~ 400
when wper = 3. This instability and its effect on phase space is shown in Figure 1
in the case wyer = 3. We at first thcught that this problem was due to the lack of
time centering in the fields, but, as previously noted, taking predictor-corrector steps
to center the fields did not cohverge and thus only exacerbated the problem. The real
culprit turned out to be rapid fluctuations in the field amplitudes due to the random
particle assortment which still occurs even when the waves’ phase velocities are outside
the bulk plasma. Indeed, these rapid fluctuations also account for the failure of the
predictor-corrector scheme to converge. To deal with this difficulty effectively, it is

necessary to use quiet start techniques [4]. The dramatic improvement which results
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can be seen by comparing Figure 2 with Figure 1. It should be noted, however, that
the use of quiet start techniques is not a solution over indefinitely long times. At
wpeI' = 450, the particles have clearly been randomized. On a longer time scale, we
anticipate that the plasma will once more be numerically unstable. This problem can
in principle be eliminated by periodic regridding [4]. We have not, however, explored
this question ourselves, feeling that this instability occurs on such a long time scale
that it is unlikely to be of interest in most cases.

Finally, we have studied the beam-plasma instability, using a 10%, a 1%, and a
0.1% beam. The beam amplitude is lowered by decreasing ¢ and m for each particle
in the beam, holding g/m constant, rather that by decreasing the number of particles,
in order to obtain a reasonable beam resolution. The phase space evolution is shown
in Figure 3 for the 10% beam. The trapping and thermalization of the beam is readily
apparent. In Figure 4, we show the evolution of the field energy for the three different
amplitude beams. As expected, the instability becomes less energetic when going from a
10% beam to a 1% beam, and disappears for a 0.1% beam. These results are consistent
with the results of a comparison leapfrog code which we have run.

We conclude that while the discrete Hamiltonian method is not simple to imple-
ment in practice, it can be useful in situations where the number of modes needed is

small and long time steps are required.




B. DEVELOPMENT OF GYROTRON MODELING TOOLS

The first stage in the implementation of the discrete Hamiltonian method to gy-
rotron modeling is the choice of a device to study and the development of a set of basic
gyrotron models, based upon conventional approximations and techniques, which can
be modified and expanded upon. As initial devices to investigate, we have chosen a
high harmonic ridged rectangular cavity and a ridged co-axial cylindrical cavity gy-
rotron oscillator. The cavity cross sections for the two devices are shown in Figures
5a and 5b. The emission harmonics are defined by sf1/y = w, where w is the cavity
frequency and s is the harmonic number. As emission for the gyrotron occurs at har-
monics of the electron cyclotron frequency, high frequency emission implies either the
use of large magnetic fields or high harmonic operation. If frequencies as high as the
millimeter wave regime are to be achieved using conventional magnets, one must use
third and higher harmonics. Studies of gyrotrons with ridged rectangular tubes {1, 5-9]
and ridged cylindrical tubes [10-18] indicate that the ridged cavity structure provides
an excellent high harmonic interaction and good mode selection.

To aid us in our understanding of ridged gyrotron oscillators, we have developed
a detailed linear theory for the interaction between the electron beam and cavity RF
field. Our model treats gyrotrons with ridged cross-sections whose basic symmetry is
either rectangular or cylindrical. The model calculates the start-oscillation condition,
QP,, where Q is the cavity Quality factor and P, is the initial beam power. The
start-oscillation condition determines the beam power at which a cavity will oscillate
and is needed both for an oscillator design and to investigate mode competition. The
linear model also solves for the shift in the cavity resonance frequency w caused by
the presence of the electron beam. It provides an excellent basis for benchmarking our

nonlinear codes, and is also an aid in the design of an optimum high harmonic ridged




cavity gyrotron. Details of the model are given in the Appendices which contains papers
which have been submitted for journal publication.

With our linear model in hand, we turned to the ridged rectangular gyro-TWT
amplifier work of Ferendeci and Han [1, 5-8] and the ridged cylindrical gyrotron os-
cillator modeling of Chu and Dialetis [14-15] to begin a program of investigation of
ridged cavities. A comparison of our modeling of the ridged cavity RF field with that
of Ferendeci and Han revealed that while there was exact agreement between our ap-
proach and the basic equations describing the RF field, the solutions for several of the
resonant frequencies differed. Upon a careful examination of the RF field described in
Han'’s PhD thesis [5], we have concluded that extraneous terms had been included by
Han in the solution of the cavity frequency dispersion relation. For the TEo; mode
which Ferendeci and Han believed to be optimal for their design, no discrepancies exist
with our calculations.

We find, in agreement with Ferendeci and Han, that the addition of ridges greatly
enl.ances the interaction between the electron beam and the RF field at high harmonics.
Figure 6 shows the TE;; start oscillation condition as a function of magnetic field B,
for a smooth walled rectangular cavity suggested by Ferendeci and Han. See Figure
5b. The electron beam is placed in the center of the cavity to allow as large a Larmor
radius as possible. For the smooth walled cavity and the chosen beam position, there
is emission only at even harmonics. With increasing harmonic number the gyrotron
interaction rapidly weakens, and the required start oscillation condition increases. The
addition of ridges to the ca.vit.y creates strong fringe fields about the ridge openings as
is evident from Figure 7. These fringe fields lead to a strong high harmonic emission. In
Figure 8, we show the result that adding ridges has upon the start oscillation condition.
The gyrotron emission interaction now occurs at all cyclotron harmonics. The high
harmonic start oscillation condition is very low, and even decreases with increasing

harmonic number. Ferendeci and Han [1, 5-8] did not analyse their equations and




did not find this effect. Harmonics greater than 6 for the TEg3; mode have Larmor
radii which would cause the beam electrons to strike the cavity wall and thus are not
included in the figure.

Modes other than the TEgz; mode may be excited by the electron beam. In Figure
9 we show the start oscillation condition for the modes TE,,,; where m = 0,1,2 and
n=1,23,4,5. What is evident from this figure is that other modes have high harmonic
resonances with start oscillation conditions smaller that that of the sixth harmonic of
TEo3;. Also, the harmonic emission resonances of TEq3; are likely to suffer from mode
competition from the other strong emission resonances. As our treatment of the RF
cavity field modes is approximate (only one expansion term is used in the ridges) the
cavity frequencies for the modes and therefore the values of the background magnetic
field for the harmonic resonances cannot be exactly determined from our present theory.
The relative positions of the harmonics in Figure 9 shovld therefore be taken as an
indication of possible mode competition and not a definitive statement as to where it
will exist.

Start oscillation calculations were conducted for the ridged cylindrical cavity as
well. In Figure 10 we show for an axis encircling beam how the presence of the ridges
can greatly reduce the value of QP,. We found that our model agrees with the value
of QP, calculated for the electron cyclotron maser interaction by Chu and Dialetis
[14-15]. However, Chu and Dialetis did not include the peniotron resonance in their
modeling. The peniotron interaction, which can lead to a very high peak efficiency
(19], is always present in gyrotron devices along with the standard electron cyclotron
maser interaction. As the peniotron interaction was actually the stronger interaction
over much of the parameter space considered by Chu and Dialetis, the values given in
their paper for the minimum start oscillation condition are not correct.

In addition to the linear, ridged model, we have also developed a nonlinear, ridged

gyrotron model. The nonlinear model uses a non-interacting test particle approach to
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solving the electron equation of motion

(8)

using the assumed cold cavity RF fields. (See the Appendices for a description of
the ridged cavity fields.) In (5) U is the dimensionless momentum vector, U = ~f,
where v give the particle energy and 8 is the velocity in terms of the speed of light.
Dimensionless units scaled to the cavity length R are used in the modeling so that
the results are able to be scaled to any frequency cavity. The nonlinear code uses the
standard gyrotron modeling approach in that the RF field in expanded in terms of the
cyclotron harmonics in an infinite sine-Bessel series about the electron guiding center.
In the code, this sum is truncated to a small set of terms, typically 3-10. If only one
barmonic expansion term is dominant, then using the fact that (w — sf1/4)t <« wt, a
slow time scale treatment can be used to take time steps much larger that the cyclotron
period. Comparisor. in the weak field limit has shown good agreement between the

linear theory and the nonlinear model.
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IV. FIGURES

Development of the weak numerical instability due to wave amplitude fluctuations
(wper = 3, N = 40,000, nypode = 16). a) wp T = 300, b) wy T = 450, c) field
energy vs. time.

Effect of a quiet start on the weak numerical instability (same parameters as in
Figure 1). a) wpeT = 0, b) wpT = 450, c) field energy vs. time. Note at T = 0,
the regular pattern characteristic of quiet start simulations.

Phase space plots of the beam-plasma instability (10% beam, Niotar = 32,000,
Niecam = 3,200, wpeT = 2, Rmode = 16). a) wpeT = 0, b) wy T = 50, ¢) wp T = 100.
Field energy vs. time. a) 10% beam, b) 1% beam, c) 0.1% beam.

Cross-section of the ridged cylindrical gyrotron.

Cross-section of the ridged rectangular gyrotron.

TEo2; mode start oscillation condition for a smooth walled rectangular cavity for
an electron beam with energy 72 keV and 8, = 0.28. The cavity parameters are
L, = 2.1987R and L, = 15R. The resonances are labeled by their harmonic
number.

E; RF field for a ridged rectangular c.avity with L. = 2.1987R, R, = 1.1983R,
w = 0.05455R, and N = 3.

TEg3; mode start oscillation condition for a the ridged rectangular cavity for an
electron beam with 72 keV and 8, = 0.28. The resonances are labeled by their
harmonic number. '

TEma1 mode start oscillation condition for a the ridged rectangular cavity for an
electron beam with 72 keV and 8, = 0.28. All modes withm =0,1,2andn =1,
2, 3, 4, 5 are shown. The arrow shows the TEo2; 6th harmonic emission resonance.
Variation of the start oscillation condition for the third harmonic electron cy-

clotron maser interaction (solid curves) and second harmonic peniotron interac-
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tion (dashed curves) as a function of d/a for the TE3;; mode. Note that in the
notation used here that d/a = R,/R. The beam axial velocity is 8, = 0.1. The
cylindrical ridged cavity parameters are §, = 7 /2N and N = 6.
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GYRO-PENIOTRON EMISSION IN A MAGNETRON-TYPE CAVITY*
P. VITELLO

SCIENCE APPLICATIONS INTERNATIONAL CORPORATION
MCLEAN, VA 22102 USA

ABSTRACT

We present here a new linear theory formulation of the avarage energy loss via
the electron cyclotron maser and peniotron interactions in a slotted magnetron-type
cavity. Use is made of the linear theory results to study start oscillation conditions and
mode competition for the high-harmonic gyro-peniotron oscillator. For a magnetron-
type cavity, the gyro-peniotron is found to have the same sensitivity to guiding center
spread as for a smooth walled cavity. Mode competition, as well as the start oscillation
beam power can be reduced however in a slotted cavity geometry. In the non-linear
regime, the saturated emission efficiency for a magnetron-type cavity gyro-peniotron is
predicted to be as large as has been calculated for a smooth walled cavity device.

INTRODUCTION

The gyro-peniotron oscillator is a device with the potential for extremely high sat-
urated efficiencies for RF emission. Theoretical modeling!!~?] suggests that efficiencies
(perhaps as great as 80-90%) can be obtained for electron beams with finite velocity
and guiding center spread. Even though the peniotron interaction may lead to higher
saturated efficiencies than the electron cyclotron interaction, in the weak field linear
limit the cyclotron maser interaction is generally very much stronger. The relative
weakness of the peniotron interaction can lead to mode competition and interierence
from cyclotron maser modes with lower start oscillation beam powers. Use of a slotted,
magnetron-type cavity presents a means of both lowering the gyro-peniotron start os-
cillation current, and at the same time reducing mode competmon['] We give here a
new formulation of the magnetron-type cavity linear theory average beam energy loss
(c.f Reference [10]), and discuss mode competition, start oscillation conditions, and
the behavior of the non-linear saturated emission efficiency in such a system.

We will consider a magnetron-type cavity with N slots each of width 20,. The
cavity inner radius, outer radius, and axial length are respectively a and b, and L. For
such a system, the beam averaged change in energy 6% for an axis symmetric beam of
guiding center r. is given, in the linear regime, by

_B1oJ0 (kL) (we'(z) _ Ky dzP9(2)
1= Z Z Jl?_,(nc){ * Byo ( ky w dz ))

q.(k“ﬂ", jm—t0 4m—00

JJ:‘(:L) iw(l _ k.l.fl.o J.(x.;)) o(2)

+28J)(xL) (

+%n—“( Pilee)g(z?) - J.'-’n("to)ﬂ(z-))}’

28




[}

Published in the Procesdings of the
Eleventh International Conference on Infrared and Millimeter Waves

where k. = k1., xz = k 7z, k) is the perpendicular wavenumber, r; is the Larmor
radius, ' = m + jN, m is an integer which determines the mode, k; = Ix/L, w is the
cavity frequency, E, is the RF field amplitude,

R

_ 2
o) = (coa (xy/(i;}-—(ll) 1)1r/2)) ’ 3)
and _ sinTd,
= TR S

Dimensionless units with a as the unit of length, a/c as the unit of time, and m.c?/|e|a
as the unit of electric and magnetic fields are used. Each term in j in above relation for
67 is exactly a2 times the value found for the change in energy for a smooth walled cavity
with the single mode TEr,;.[!!] Electron cyclotron maser emission at the sth cyclotron
harmonic comes from the terms containing ¢’(z) and dz2g(z)/dz. Electron cyclotron
absorption at the sth harmonic comes from the terms in g(z). Peniotron emission at
the (s — 1)th harmonic and absorption at the (s + 1)th harmonic come respectively from
the terms in g(z*) and g(z~). For fixed j and s, the relative strengths of each of these
interactions are the same as in the smooth cavity case.

If the beam is exactly centered on axis, only the harmonics s = I' contribute to
6%. Electron cyclotron emission occurs then at the ['th harmonics, while peniotron
emission occurs at the (I' — 1)th harmonics. For N > 2 there is no interference between
the two interactions of a fixed m mode. The electron cyclotron maser interaction and
peniotron absorption may interfere with peniotron emission if there is a finite spread
in guiding centers. As the relative strengths of the interactions are the same as in the
smooth cavity case, the limits on guiding center spread are also the same (see Reference
[11]). Even with zero guiding center spread, mode competition may take place between
peniotron emission from the desired operating m mode and electron cyclotron maser
emission from different m modes. Such mode competition can be a serious problem for
the high-harmonic smooth walled gyro-peniotron.!5! A N slotted magnetron-type cavity
cavity has an imposed Nth fold symmetry, however, which is lacking in a smooth walled
cavity. Operating at the high-harmonic m =T = s = N/2 optimizes the amplitude ar,
leading to a very strong beam to cavity coupling. For m modes that do not “fit” well
into the cavity symmetry, ar is quite small and the beam to cavity coupling is weaker.
The overall effect is a reduction in mode competition between the m = N/2 mode and
other m modes. Besides this reduction in mode competition, a slotted cavity can also
have the desirable effect of moving the RF field radial peak inward towards the beam.
This produces a stronger interaction, decreasing the start oscillation current, which is
relatively high for the smooth walled gyro-peniotron.!1°l

In the non-linear limit, as in the linear regime, neighboring s harmonics, differ by
at least by N for a beam with small guiding center spread about the axis. If N is large
and is one operates at the mode m = N/2, only the s = N/2 harmonic will show a
strong coupling between the beam and the cavity. The other harmonics are weaker due
to having either much smaller amplitudes ar or due to the beam particles experiencing
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very large phase drifts relative to the RF field during their passage through the cavity.
Since only one harmonic would therefore be involved in gyro-peniotron magnetron-
type cavity interaction, we expect the same extremely high saturation efficiencies to be
obtainable as have been calculated for smooth cavity systems. !l

CONCLUSION

We show from a linear theory analysis of a slotted magnetron-type cavity oscillator
that for each sth harmonic of the cyclotron frequency, the relative relative strength of the
electron cyclotron maser interaction and the peniotron interaction terms are the same as
for a smooth walled cavity. This leads to a gyro-peniotron with a magnetron-type cavity
having the same sensitivity to guiding center spread as is found for a smooth walled
system. The optimized saturated emission efficiency for the slotted cavity is predicted
to be also as high as has been calculated for the smooth walled gyro-peniotron. A
slotted cavity design is likely to be preferable, however, as the imposed symmetry can
lead to a reduction in mode competition, and to a decrease in the start oscillation beam
current.
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The_ory of Slotted High Harmonic Gyrotron Oscillators

P. VITELLO
Science Applications International Corporation, McLean, Virginia 22102

and

C. MENYUK
Science Applications International Corporation, McLean, Virginia 22102, and
Department of Electrical Engineering, University of Maryland Catonsville, MD 21228
and College Park, MD 20742

Start oscillation conditions are considered for slotted rectangular gyrotron cavities.
The energy loss of the electron beam to the cavity RF field is presented in a form where
the geometric and the gyrotron instability terms at each harmonic have been separated.
It is found that the addition of slots to a cavity lowers the required beam power for the
start oscillation condition and can lead to a decrease of the start oscillation beam power
as the harmonic number is increased. Previous gyrotron cavity designs have consistently
shown the start oscillation'beam power increasing with harmonic number. These slotted
devices thus appear potentially attractive as a means of achieving millimeter wave

emission for use in RF heating and plasma diagnostics.

PACS numbers: 85.10.Ka
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Emission in a gyrotron occurs at the harmonics of the electron cyclotron frequency.
Promising applications for high power, high frequency gyrotrons include plasma heat-
ing, advanced acc_:eleratou, and spectroscopy. As the frequency increases, however,
either large magnetic fields must be used or operation at high cyclotron harmonics
is required. Presently, most gyrotron development has focused on devices using the
first or second harmonic.!"3 These low harmonics necessitate either the use of a super-
conducting magnet or a pulsed magnetic field if millimeter and sub-millimeter wave
frequencies are to be achieved.

High harmonic gyrotron emission has been demonstrated for several tube designs.
Using smooth-walled, cylindrical cavities with an axis encircling beam, harmonics as
high as m = 11 have been observed for a TE,,;; “whispering gallery” mode gyrotron
oscillator.*™® High energy, large Larmor orbit beams are required for “whispering
gallery” mode gyrotrons as the modes are concentrated towards the wall of the cavity.
Also with an axis encircling beam with high energy (2 MeV) electrons, strong emission
at the 12th harmonic has been generated using a slotted cylindrical tube.® Further
investigations of slotted rectangular and ridged rectangular tubes’~ and of slotted
cylindrical tubes!®~1® has shown that even for moderate beam energies, strong high
harmonic fringe fields can be positioned at the beam orbits. All of these studies show
that slotted structures greatly increase the high harmonic interaction in a gyrotron.

While high harmonic gyrotron oscillators and gyro-TWT amplifiers have been
studied for cylindrical slotte'd-tuba, only gyro-TWT amplifiers have been been inves-
tigated in any detail for rectangular slotted systems. In this letter, we study high
harmonic emission in rectangular, slotted gyrotron oscillators. We find that the addi-
tion of slots to a rectangular gyrotron cavity greatly enhances the interaction between
the electron beam and the cavity RF field at high harmonics. This enhancement is so

great that, under some circumstances, the interaction strength can actually increase
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with harmonic number. As a consequence, these devices are a potentially interesting
source of millimeter wave radiation.

The slotted r;ctangulu cavity considered is shown in Figure 1. We will use N to
designate the number of slots and L, the axial length of the cavity. The inner and
outer slot y dimensions are R and R,, while the cavity width in the z direction is given
as L. The distance 2d between the slots equals twice the distance from the first or
last slot to the tube wall, while the slot width is 2w. We expect that qualitatively
our results would apply to other slotted or ridged rectangular cavity designs which
show strong fringe fields, such as that used for the peniotron.!%-2° In the following we
make use of dimensionless units, with the cavity transverse length R being our scaling
parameter. In these units, length is measured in units of R, frequency in units of ¢/R,
and the background magnetic and RF fields are measured in units of m.c?/|e|R, where
m, is the electron rest mass, e is the electron charge, and ¢ is the speed of light. The
dimensionless cyclotron frequency 1/+ is equal in these units to B,/ where B, is the
assumed constant background axial magnetic field and « is the Lorentz factor.

To defermine the RF fields, it it convenient to expandAthe RF field separately in
the cavity proper (Region I) and in the slots (Region II) in terms of the local regional
eigenfunctions, and to then match the fields across the slot openings. We take the
relative phase dependence of each of the N slots as being cos[r(q + 1/2)m/N], where
g=0,...,N —1 is the slot number. The value of the mode number m determines
the overall mode. The 27 n;;de corresponds to m = 0, while the x mode is given by
m = N. In order to obtain a closed analytic form for the field solution, an infinite
sum over I', where k; = ['r/L,, is used only in Region I, with just a single term,
ks = 0, being kept in Region II. This approximation is described in Ref. 7. Only the
non-negative terms which satisfy ' = 2Nj £+ m, and j = 0,1,2,... are allowed. The
cavity frequency, w = (k3 + k2)'/2, for the Ith axial mode (k, = Ix/L,) is determined
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from the cavity mode m by solving the dispersion relation

. 2
ey b [ S cnn,
where k.. = (k3 - k3.)%/3.

To solve for the interaction of the beam with the TE RF cavity field and a constant
axial magnetic field we have used the linearized relativistic single particle equation of
motion, dU/dz = —(~/U,) [E + (U x 5/1)] in the guiding center coordinates (z,.,
Yge), Where U = 4f is the product of the electron velocity § and the Lorents factor.
After averaging over initial time ¢, and phase angle , of the beam, the change in the
beam energy after passing through the oscillator cavity (§4)., ,, can be calculated using
the standard techniques of linear theory.” 2! The details will be presented elsewhere.

We find that (6+),, ,, can be expressed in the compact form

Zﬂl‘&‘a
r

where Ar is the I'th amplitude of the RF field in Region I, Dr, is the s harmonic

2

[Re(%) +iIm(%)], (2)

o0

(6)t, 0, = E

8= =00

contribution to the guiding center expansion of the I'th RF field term, and 7, gives
the s harmonic gyrotron interaction terms. Again, on.lsr the non-negative terms which
satisfy I' = 2Nj £ m, where j =0,1,2,... are allowed in equation (2).

The full behavior of (64)¢, ,, is given by equation (2). The guiding center depen-
dence is contained entirely in the factor |3 . Ar Dr.|?, which is sensitive to the fringe
fields generated by the slots, while the resonance behavior as a function of magnetic
field about the cyclotron harmonics is given by %, which contains the cyclotron maser,
Weibel, and peniotron resonances. The contributions from Re(%,) and Im(%,) re-
spectively determine the gyrotron start oscillation beam power and resonant frequency
detuning.

Equation (2) can be simplified if a ribbon beam parallel to the z axis is used.

Averaging over the z,. guiding center position leads to a reduction of the double sum
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over cavity eigenfunctions inherent in [Yp ArDra|* = Tp 4202, T, 4,0,,, to a single
sum if the ribbon beam is uniformly distributed at a fixed y,.. After averaging the
product Y A7DE, 3o, A, D), can be replaced by a factor of the form Y . 42Dp,.
Realistically, however, the averaging can not be taken from z,c =0 to 2, = L, as the
beam can not be placed closer to the cavity wall than its Larmor radius. If m = 2N,
where 1+ = 0,1,... then there is a N-fold periodicity in z for the RF field and the
simplifying guiding center averaging can equivalently be taken over any of the regions
from z4c = L:(j/N) to z5c = Lz(k/N), where 0 < j < N-1,and j < k < N.
This also implies that the guiding center averaged energy loss (6v)¢, o,,z,, Would be
unaffected by the extension of the cavity in the z direction to include addition slotted
regions.

The cavity gecmetry determines k; and the magnitude of each s harmonic con-
tribution to the overall RF cavity field of a particular mode. For each s harmonic, 7,
varies with the cavity geometry only through changes in k, . Since the addition of slots
may generate strong fringe fields without a significant change in k;, the predominant
change at high harmonic to (§v)¢, o, generally comes from the factor |J_ Ar Dr,lz.

The start oscillation beam power and the frequency detuning equation for steady
state operation for any TE mode can be found directly from (67)¢,,,. Taking the
unperturbed beam energy to be P, the total net energy transferred from the beam to
the cavity fields is given by Py(67):, o, /(70 — 1).22 Quite generally, the starting power

can be given by
QPy = —8.6 x 10°W(7v, — 1)/Re({61)¢, .) kW, (3)

and the frequency detuning due to the presence of the beam is

W=—wo _ _le((‘sﬂ)t. v.) (4)
wo  2QRe((67)1,4.)°
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where W is the time averaged, volume integrated RF field energy of the cavity, and w,
is the cold cavity frequency. For gyrotron tubes, the quality factor Q is due mainly to
diffractive losses and, with an accurate estimate of its value obtained from cold cavity
tests, provides a good approximation of the actual start oscillation power required. By
contrast, the linear theory values for the frequency detuning often differ significantly
from the detuning under normal high field operating conditions?? and should used with
caution.

We find that the addition of slots can not only enhance enormously the high
harmonic interaction and hence greatly lower QP;, but this enhancement at fixed beam
position can sncrease with increasing harmonic number. This rapid decrease in the
start oscillation condition with increasing harmonic number has not previously been
noted for any gyrotron device. We note that the strongest coupling to our cavity slots
occurs for m = 0 modes. For these modes the following parameter range was found
to result in strcng high harmonic interaction with increases with harmonic number:
|sinky|~! ~ 1 (implies large fringe fields generated by the slots); L. < 2N/n, where n
is the transverse y moJe number (all ky. for T # 0 imaginary); and sin2xNw/Lz 1
(strong beam coupling to the lowest order I' # 0 fringe field term). We expect proper
beam placement in other cavity designs with fringe fields similar to those in a slotted
rectangular cavity would also result in enhanced high harmonic coupling with increasing
harmonic number.

As an example of how the addition of slots to a rectangular cavity gyrotron oscil-
lator enhances the high harmonic emission we will consider the start oscillation con-
dition QP; for the cavity and beam parameters investigated by Han and Ferendeci’
for a slotted rectangular cavity gyro-TWT. For the cavity mode we use m =0, | = 1,
and the second y transverse mode (i.e. the TEo3; mode), which Han and Ferendeci
found to give strong sixth harmonic emission. The cavity parameters are L; = 2.186,

L, = 15, R, = 1.198, w = 0.05466, and N = 3. For the beam parameters we
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use a total energy of 70.82 keV, and 8, = 0.268, which corresponds to v, = 1.139,
Uy = 0.450886, a_nd Uy = 0.30514. The electron beam is centered in Region I at
Z4e = Lg/2, Y4 = R/2. Figure 2 shows the variation of the magnitude of the RF
electric fleld, |E| = (B2 + E2)"/* | E, sin(k,1), across the cavity opening for these pa-
rameters. Shown in the figure are the values for the total field energy per unit length,
Wy = W/L,, and the field energy per unit length in the slots, Wg. The large fringe
field observed in this figure couples very strongly with high harmonic emission. This
coupling will be significant at high harmonics since with rising harmonic number s
the growth of the the Larmor radius, r; =~ s8, /w, allows the beam to increasingly
penetrate the fringe fields. In Figure 3 we show QP, as a function of magnetic field for
multiple harmonic emission. Harmonics greater than the sixth are not shown as the
beam Larmor radius would te greater that one-half the cavity width R. For compari-
son, we also show QP, for a smooth-walled rectangular cavity. For the slotted cavity,
harmonics for s = 1-3 are dom‘nated by the electron cyclotron maser instability. The
fourth harmonic is due to the peniotron instability. For harmonics s > 5, both the
electron cyclotron maser and peniotron instabilities strongly contribute.

As the sensitivity to guiding center is of great importance, we have given in Figures
4a—4d the function £¢ = |} ArDrd| /w;/ ? for s = 3,4,5,6. Only the portion of
Region I which is at least one Larmor radius from the cavity walls is considered. From
equation (3) it is clear that QP; o (&°) =2, One can see that the interaction at each
harmonic rapidly increases ne'u the slot openings due to the fringe fields, and that for
s = 3,4,5 there are values of y,. for which there is little cependence on z,. of the beam,
cavity-coupling. These values would be ideal for the placement of a ribbon beam with
an extensive z width. For sixth harmonic operation with a ribbon beam, the cavity
design would need to be modified to reduce the rapid variation in QPy with z,. in the

accessible region of the cavity.
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For our example, the strong high harmonic coupling which increases with harmonic
number was observed even when the beam quality was decreased by assuming a guiding
center spread 6z, < 0.2, 6yge £0.1, and an axial velocity spread 68, <0.24,. A
Gaussian axial velocity distribution was assumed with constant beam energy. The net
affect was actually to decrease QP} as the interaction strength in the linear regime is
a rapidly increasing function of both y,e and §;!. In general, the magnitude of the
beam quality affects will depend upon the details of the gyrotron design.

In conclusion we find that the high harmonic interaction observed here for the
slotted rectangular cavity shows great potential for the practical development of a high
frequency, low magnetic field gyrotron oscillator. Very high power sources are possible
in a wide cavity with multiple siots if a ribbon electron beam is used to reduce space
charge limitations. As the basic gyrotron instabilities do not depend upon the cavity
geometry, high efficiency emission is expected for the slotted rectangular gyrotron, es-
pecially if the system is optimized for smission via the peniotron interaction.?® Further
research into the questions of mode cornpetition and non-linear efficiency needs to be
ca.rrigd out in order to determine how bes' to take advantage of the slotted cavity fringe
field interaction for gyrotron devices. |

This work was supported by the AFOSR under contract F49620-86-C-065.
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Figure Captions

FIG. 1. Cross-section of the slotted rectangular gyrotron.
FIG. 2. RF electric field magnitude across the slotted rectangular cavity for the TEo3;
mode. Contours are shown at intervals of 1/15 of the maximum value of | E|.
FIG. 3. TEo31 mode start oscillation condition for the rectangular cavity. The solid curves
gives QP; for the slotted cavity, whﬂe the dashed curve gives QP, for the case
without slots. Each emission resonance is labeled by its harmonic number s.
FIG. 4(a). Surface and contour plot for £* for s = 3. Contours are shown at intervals of 1/15
of the maximum value of £°.
FIG. 4(b) Surface and contour plot for £ for s = 4. Contours are shown at intervals of 1/15
of the maximum value of £°.
FIG. 4(c). Surface and contour plot for £* for s = 5. Contours are shown at intervals of 1 /15
of the maximum value of £°.
FIG. 4(d). Surface and contour plot for £ for s = 6. Contours are shown at intervels of 1/15

of the maximum value of 4.
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FIG. 1. Cross-section of the slotted rectangular gyrotron.
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ABSTRACT

A linear theory analysis of gyrotron oscillators with slotted cross section is used
to calculate the net change in beam energy (67):, o, . In our new formalism, geometric
factors are clearly distinguished from the geometry-independent harmonic resonance
terms which are due to the fundamental electron cyclotron maser and peniotron in-
teractions. This separation of the interaction terms from the geometric factors greatly
simplifies the physical analysis, and leads to a very compact form for (64)¢,,,. The
theory is applied to slotted rectangular oscillators (which have not previously been
treated) and to slotted cylindrical oscillators to show that a unified expression can
be obtained for the start oscillation condition. In sample applications of our theory,
it is demonstrated that slots lower the start oscillation condition in both cylindrical
and rectangular geometries, and can lead to a decrease in this condition as harmonic
number is increased in the rectangular geometry. The use of these slotted devices thus
appears quite attractive in the millimeter wave regime. We also find that the peniotron
interaction, which is easily identified in our formalism, may be very strong in slotted

cavities.
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I. Introduction

The gyrotron is well known as a coherent microwave source capable of generating
unprecedented power levels. Gyrotron emission occures at harmonics of the electron cy-
clotron frequency. As the emission frequency increases either large magnetic fields must
be used or operation at high cyclotron harmonics is required. Presently, most gyrotron
development has focused on devices using either the first or second harmonics [1-3].
These low harmonics necessitate the use of a superconducting magnet if frequencies as
high as the millimeter and sub-millimeter wave regimes are to be achieved.

High harmonic gyrotron emission has been achieved for several tube designs. Using
smooth walled cylindrical cavities and an axis encircling beam, harmonics as high as
m = 11 have been observed for a TE,; “whispering gallery” mode gyrotron oscillator
[4-5]. A high energy, large Larmor orbit beam is required for “whispering gallery”
mode gyrotrons as these modes tend to concentrate the RF field towards the wall of
the cavity. Also using an axis encircling beam with high energy (2 MeV) electrons,
Destler et al. [6] have reported the generation of a strong burst of microwave radiation
at the 12th harmonic from a slotted cyvlindrical tube. This new interactive slotted
structure leads to an excellent high harmonic interaction and good mode selection.
Further investigations of slotted cylindrical tubes [7-15] and of slotted rectangular and
ridged rectangular tubes {16-19] has shown that even for moderate beam energies,
strong high harmonic fringe fields can be positioned at the beam orbits. Two slotted
tube geometries, shown in Figure 1, have been investigated in detail; these are the
cylindrical (or magnetron type) geometry, and rectangular geometries, both slotted and
ridged. As there is no real distinction between slotted and ridged tubes, we will refer
to them all as slotted. Both gyro-TWT amplifiers [7-10] and gyrotron oscillators {11~
15] have been studied theoretically in slotted, cylindrical geometries. For rectangular

geometries only gyro-TWT amplifiers have been studied in detail for slotted cavities
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[16-19]. All of these studies show that slotted structures greatly increase the high
] harmonic interaction in a gyrotron relative to a smooth wall design.

In this paper we extend the modeling of slotted gyrotron oscillators by presenting

s
[ '
f
!
i
|

a linear kinetic theory applicable to gyrotrons of both rectangular and cylindrical cross
section design. In our analysis we calculate the net energy loss of the beam, (67)¢, .,
which is needed to determine the cavity start oscillation condition and the frequency
detuning. We give (67)¢, »,, a8 a sum over harmonics in which each harmonic contri-
’ bution consists of a geometry-independent factor due to the fundamental interactions
and a geometry-dependent factor which varies from device to device. The geometry-
independent factor consists of clearly distinguished terms due to the electron cyclotron

[ maser and peniotron interactions.
This paper is organized as follows: In §II, we derive the TE mode fields in either

rectangular or cylindrical slotted cavities. Two specific examples are presented which

L]

are then used in the remainder of the paper. In §III, we present our linear theory
[ and determine the start oscillation condition and frequency detuning of the oscillator
cavity modes. In §IV, we present sample calculations which shows both the strong

high harmonic content of slotted cavities, and the imnportance of peniotron emission for

(5]

these systems.
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I1. Properties of Slotted Cavity Fields
Let us consider the behavior of the TE modes in a tube with a slotted cross section.

If the axial RF magnetic field is written in the form
B, = Ar(z,y)f(z)e™"* (1)

(where f(z) = e'*s* for an amplifier and f(z) = sin(k,z) for an oscillator), then from

Maxwell’s equations [20] the solution for Ar will be an eigenfunction of the equation
(Vr-Vr+k3)Ar =0, (2)

subject to the boundary conditions of an assumed perfectly conducting tube wall. In
(2), k3 = w? — k3 is the transverse wavenumber eigenvalue, and V1 is the transverse
Laplacian. The transverse RF electric and magnetic fields, Er and Br may be obtained

from B, as follows,

— . W N -
Er = —tq (Z X VTB,) ’ (3)
= ——VrB,.
T k% 3z B (4)

Two sets of orthogonal eigenfunction basis sets are commonly used to describe Ar
in slotted cavities. If the cross section is naturally specified in a Cartesian coordinate

system, then the solution
Ar(z,y) = Z Ar (e kerZ 4 apetk ) (e-ikvrv + bretkor V) , (5)
M=-o00 .
where k2. + k7 = k%, should be used. For a cross section with cylindrical symmetry,

AT(T,0)= f: ﬂGC(kJ_f)e‘To, (6)

=—00
should be used. In (6), Cr(k.r) = Jr(k.rr) + arYr(kLr), where Jr and Yr are Bessel
functions of the first and second kind. The constants Ar, ar, and b depend on the
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tube geometry. For both of these eigenfunction basis sets the coordinate dependence
is separable. The total time averaged, volume integrated RF field energy stored in the

fields, W, can in all cases be written as
1 -0‘ - -4.
W=E;/dV(E‘-E +B.5"). (1)

In calculating W, any static magnetic field energy is not included.

We now consider the RF cavity fields for two specific cases, a slotted co-axial
cylindrical cavity as shown in Figure 1a and a slotted rectangular cavity as shown by
Figure 1b. We will use N to designate the number of slots and L, as the axial length of
the cavity. In the cylindrical co-axial cavity, the central co-axial radius is given by R;,
while the inner and outer slot radii are respectively R and R,. The angular width of the
slots is taken to be 20,. In the rectangular cavity, the inner and outer slot dimensions
are R and R,, while the cavity width in the z direction is given as L,. The distance
2d between the slots equals twice the distance from the first or last slot to the tube
wall; the slot width is taken to be 2w. In the following we make use of dimensionless
units, with the cavity transverse length R being our scaling parameter. In these units,
lengtﬁ is measured in units of R, time in units of R/¢, frequency in units of ¢/R, and
the background magnetic and RF fields are measured in units of m.c?/|e| R, where m,
is the electron rest mass, ¢ is the electron charge, and ¢ is the speed of light. The
dimensionless cyclotron frequency {1/ is equal in these units to B,/~v where B, is the
assumed constant background magnetic field and # is the relativistic factor.

To determine the RF fields, it it convenient to treat the cavity proper (Region
I) and the slots (Region II) as separate expansions which are matched across the siot
openings [21]. We take the relative phase dependence of leach of the N slots as being
¢'2*ma/N for the cylindrical slotted case and cos[n(g + 1/2)m/N| for the rectangular
slotted case, where ¢ = 0,..., N —1 is the slot number. The value of the mode number

m determines the overall mode. The 2x mode corresponds to m = 0, while the r mode
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is given by m = N/2 for a cylindrical slotted cavity, and by m = N for a rectangular

slotted cavity. In order to obtain a closed analytic form for the field solution, an infinite

sum is used only in Region I, with just the ' = 0 term being kept in Region II. The RF

fields for the slotted co-axial cylindrical cavity are then given approximately by [12]

Region I

E,=- Eo Z AL [————-I‘Cr(klr)] sin(k, z)e“”"“")
..L

E,

E,

i

ki

Jj=-o00

Z At cl (kJ_r) sin(k,z)e!F0=wt),

J*‘—(X)

[e ]
7’:_ E C{‘,(k.l.f) cos(k,z),"(r‘owt) :

k 2 AP [rcr(k.L')] cos(k z)cl(l‘ﬂ—wt)

J——oo kJ_r
m .
E, }: AL CL(kyr)sin(kgz)e' FO-w8),
j=-—o00 ’
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Region 11
Ef = 09 (14)
Es = —:'E,%e“""‘/" ALTCI (kL r) sin(k,2)e ", (15)
EB = 0’ (16)
B,= E, £L¢"2f"w/ N ALTCI (kL v) cos(k,z)e ", (17)
L
By = 0, (18)
By = E,e¥*™/N glIcH (k) r)sin(k,z)e5t, (19)
where
in(l9,) 1
4L = sin(0% , 20
I7 ® 1
= —_—, 21
4] N cgll(k_l_) ( )
and
Clh(kyr) = Jr(kyir) — Jh(kLR:)Yr (ko 7)/YEi(kLRy), (22)
Cil(kyr) = Jo(kyr) — Ji(kLRo)Yo(kyor)/ Yd(kyRo). (23)

A prime represents differentiation with respect to the argument. Due to the cavity sym-
metry, the only harmonics which contribute are I' = m + N, where 7 = 0,+1,+2,...
For these fields, the dispersion relation determining &, , and the total field energy W

are

Né, i (sinro,)’ Ch(ky) _ CH(kL) (24)
il T8, ) CE(ky) CE'(ky)

-——
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(4 ]

e

(2

and

W= ‘Z;_fé{ S [ [{cﬂm]’ (1- &) - R fekeama” (i~

j==o00

+ el ertacion (14 )]
+ &E?@E [Rz (€8 (kL Ro)]? - [ (k)]

- [C"'(kl_)] - ——C”'(kJ_)C,{’(kJ_) (1 + 5;) ] }

I\z

K R?

)

(25)

The slight difference between W as given in (25) and the form presented by Chu and

Dialetis [11-12] stems from our use of the field energy density E - E* + B - B* while

Chu and Dialetis used 2E - E*. If the RF fields were calculated exactly, with an infinite

series expansion for both Regions I and II, then the energy in the magnetic fields would

equal that in the elect:ic fields and both expressions for W would be identical.

The rectangular slotted fields (see, e.g. [18] for a derivation) for our tube are

Region I
By =—ify EoZkyrﬂp cos(kz, z) sin(ky, y) sin(k,z)e ™",
E, = k’ Eozkzr Af sin(k,, z) cos( e ¥) sin(k z)e™",
E,= 0,

k . i
By =17 Fo Y kup Af sin(ke.z) cos(kyy) cos(kyz)e ™",
L r

B, = k’ E Z kye Ak cos(k, z) sin(ky, y) cos(ksz)e ",

B,= E, Z AL cos(kp ) cos(ky, y) sin(ksz)e "t
T
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W=

Region 11

E,= —;%E, cos(w(g + 1/2)m/N) A5 sin(k y) sin(kz)e ", (32)
E,= O, (33)
E,= o, (34)
B.= 0, (35)
B, = -fiE., cos(r(g + 1/2)m/N) AL sin(k.g) cos(ksz)e—", (36)
By = E,cos(n(q+1/2)m/N) AL cos(kLy)sin(kyz)e™"*t, (37)
where, k;. =Tx/L,, ky. = (k3 - kir)llz, and
2 g} —1)9
Ar = (1?3?)“ lf:,::‘;c:.)ginl(l,,)’ (38)
Al kil (39)

© = NsinkL(1- R,)]
Only ' =4+m+2Nj,5=0,1,2,..., with T > 0 are to be included in the sums. For
m = 0, each term for I' = 2Nj must be counted twice. For our model of a rectangular
slotted cavity, the RF field in Region I is not affected by the presence of the slots for
the modes m = Ni, where? = 1,3,5,..., and has the same form as in a simple smooth

walled cavity. For all other rectangular cavity modes, the dispersion relation for k

and volume integrated energy W can be written as

2Nw ki ,[sin (kzpw)]? cot (kye)
=cotlki(1 - R,)|, 40
L. 21.:1+6m kopt krn k1 (1= Bo)] (40)
and
LyL,w? (1 + 6mo) sin (2ky,) [k K3\ (2k3,
64kl zr: T+ do) {1+ ik, w2 T \Iter) !

2Nw(R,—1) (aLn? in(2k. (1 - R,)) [ k3 k3
* ) [ sn‘uu(Ll—Ro) (UJ"’I'F)D'
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II1. Linear Kinetic Theory
To solve for the interaction of the electron beam with the RF field we use the

single particle relativistic equation of motion

v 1[~ UxB]’ “2)

27 e
where U = —yﬁ is the product of the electron velocity ﬁ and the Lorentz factor 4. Note
that we are using time, ¢(z), as a dependent variable, and the axial position z as the
independent variable. The use of z facilitates the comparison of the linear theory with
the weak field limit of a nonlinear numerical modeling of the equations of motion. In
dimensionless units, ¥ = (1 + U - U)!/? = (1 + U2 + U2)/2 gives the electron energy.

From (42) it follows that the change in « is
dvy U-E

2 U,

(43)

Regardless of the symmetry of the overall cavity fields, the guiding center coor-
dinates (see Figure 2) are the natural system to use when carrying our linear theory.
The guiding center variables may be expressed as (UL, U,, @, Zgc, Yge, t) in Cartesian
coordfna.tes or (U, Uy, 9, Tge, ¥ge, t) in cylindrical coordinates. The guiding center
coordinates are related to cavity frame coordinates by the relations

T = Ty + rL cos(p)

= Tge COS('Ich) +rg COS(%P), (44)

Y = Ygc + risin(p)

= rge sin(ye) + ri sin(p), (45)

U, = -U, sin(p), (46)
U, = Uy cos(p). (47)
59
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The position (zge, yge) or (rge, ¥gc) corresponds to the electron guiding center position,
with rz = U, /B, being the Larmor radius. The dynamical equations for the guiding

center variables foow from (42, 44-47),

% = -f}'— [Ep + UsBy, /1], (48)
‘;_“: = %UJ. [Er, = UsBp/v+ ULBs/7] + §f, (49)
ddli. _ % B,,, (50)
:_: = .I]_' (51)
and either
dz,e v
il AN [(Ep + Us By, /7) cos(i)
+(Er, — UsBy /7 + ULB,/7)sin(p)], (52)
dyee 7 ;
< = T.E [(Ep + UsBy, /7)sin(p)
= (B, = UsBy 7+ ULBs /) cos(e)] (53)
or
dryc v

32 = 7.p; |(Be + UsBr, /1) cos(te — )

— (E,, — UsBy /v + ULBz/v)sin(¢ge — )], (54)

d!/’gc _ 2] .
dz = 0.8, ((Be + UsBr. 1) sin(yc - ¢)

+ (Er, — UsBp /v + ULBy/7) cos(ge — p)] . (55)

The RF fields terms, E, E,,, B,, and B, , correspond to the values of Eand B along

the ¢ and 7 directions.
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To solve for the perturbations induced by the RF field, we linearize the equations

of motion as follows

UL=U., +6U,,

Uy = Uz, + 6U,,

Y =po+ B,

(2 — 2)
Us,

Tge = Tge, + 6Tge,

Yge = Yge, + 0Ype,

Tge = Tge, + Jrgca

'pgc = '/’gco + 5¢gc:

t=1t, +

70(2 - zo)
U.,

+ ét,

+ 6y,

(6)
(57)
(58)
(59)
(60)
(61)
(62)

(63)

where the constants Uy, Us,, ©o, Tgc,s Ygcor Tgoos Yo and ¢, represent the initial

variable values at the entrance position of the cavity z,. In the following we take z, = 0.

The equations of motion for the perturbed variables then follow as

dsUL _ Yo fo-

dz U.,E‘P’

dép _ Yo o 6U,

dz _U,OULOE"' B°U,2°’
déU, _ ZL—"-B: ’

dz U, *

dét 1 [1+U3,

FPi [ v., U
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dé . r - .
d::"’ = U%B EJ cos(4o) + E7, sm(¢°)] , (68)
o ~0 *~
ds P .
d-':vc = UjoBa .E; sin(¢,) — E;, cos(¢o)] , (69)
dér - -
d:c = U%Bo E;, cos(ge, ~ &o) — E;, sin(¢ge, — ¢,,)] , (70)
%o -
d&'ﬁ! Yo =0 ~
¢ I ] _ ] —
dz ————Uz.Bo"gc, [E¢ sin(Yge, — $o) + E;, cos(Yye, ¢°)] , (71)
where
ES = ES + Uy, BY, [0 (72)
Eg, = E?, — Uy, BS [0 + US B2 /o, (73)
o = o + Baz/Uso- (74)

EZ, E? , B, B, , and B; are the RF field terms in the ¢, fr, and 2 directions
evaluated along the unperturbed orbits. E‘g, and E,‘,’L represent respectively the ¢ and
#1 components of vector £ U x B /+ from the equation of motion also evaluated along
the unperturbed orbits. The variable ¢, gives the phase variation about the guiding
center for zero RF field.

To caiculate the average change in energy for the beam we must also linearize the

energy equation (43), which becomes

%” = —%E;‘ UlUfU B - z,i [Jtagf" +6r,,c%%’:
+ 6¢,c‘?,i: 4 6rLaaE:' +s<paff]. (75)
or
%’ = ﬁjl Ey* + U*UfU Ey* - %—tf[magf" +6zgc§£%
+ 6yge —— (’;E:: +6rg a;ii‘ + bp afi"]. (76)
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For a constant background magnetic field B,, érp = 6U,;/B,. The equations for

dé~v/dz have been expanded to second order in the RF field amplitude E,.

In order to solve these linearized equations we must express the RF fields in terms
of the guiding center coordinates. For the cylindrical geometry eigenfunction set (8-13)

Graf’s theorem (22],

o (kJ_r) V(‘/)gc - 0) Z Cu+k(Kgc)Jk(KL) k("r wgc + So)’ (77)

k=—o00
for rge > rp, or
C, (ku) u(w,c - }“, Jy+k(/<gc)ck(/<z,) k(7r ~dget+9),  (78)
k=-00

for ryc < rr, is used where K, = k,r . and K; = kry. For the rectangular geometry

eigenfunction set (26-31), the expansions

cos [Kpsin(p £ \)] = kz_: Je(Kr)cos [k(p £ V)], (79)
sin (K sin(p £ A)] = ki: Jr(Ky)sin [k(p £ )], (80)
cos [Ky cos(p + A)] = k; Je(Ky) cos [k(p £ X + 7/2)], (81)
sin (K cos(p £ A)] = ki Je(Ky)sin [k{p £ X + 7/2)], (82)

are similarly used. In (79-82), cos A = k. /k, .

Using the above expansions, the guiding center RF fields in Region I which contains
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the beam can be expressed as

ke Jo K . t{op—w
ry = — EwIEoZAII‘ Z DI“ (-s_K(?Q) ’m(k,z)e (oe t)’ (83)

E, = -t—E,,Zﬂp Z Dro JH(KL) sin(k,z)e'#e—vt), (84)

B,, = E' Zﬂr 2 Dras J!(K1) cos(k,2)e'#9—wt) (85)

B, = 1—Eazﬂp _E Dy (sJ.(KL)>cos(k.z)ci(cqp—wt)’ (86)

Bo= B Dradu(Ku)sin(k,z)eee, (87)
r 8=—-00

where the function Dr, is
Dre = Ci_y (Kyc) T =)¥ee (88)
for the cylindrical coordinates eigenfunction expansion, and
Dr, = % [e**xr e cos (kyr yge — SAr) + (—1)°e~**=r %< cos (kynyge + SAr)] "/ (89)

for the Cartesian coordinates expansion. For cylindrical coordinates, if rp > ry, the
replacement (! — J and J — C! must be made in (83-88). The form of the guiding
center RF fields is clearly independent of the choice of the coordinate eigenfunction
basis set one wishes to use to describe the cavity fields and follows from the Fourier
transformation for our separable eigenfunction expansion. To determine the contribu-
tion of the cavity field at the sth harmonic, one merely sums the contribution from
each I' eigenfunction AfDr,.

When evaluated along the unperturbed particle orbits the only variation in the
guiding center RF fields (83-87) comes from sin(k,z)e(*#~*), which takes the sim-
pleform (e**s* — e=ks%) ¢i(2Bo/%o~w)702/Us, gi(swo~wt) 12§, making the linearized equa-

tions of motion simple to evaluate. These equations are solved in the following order:
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We first integrate (64, 66, 68—69) or (64, 66, 70~71) to determine §U, 6U,, and either
6z, and by, or 6ryc and §y,.. The expressions for 6U, and 56U, are then substituted
into (65, 67) to de;ermine 5 and 6t. Using these perturbed orbital variables, (75) or
(76) is finally integrated from z = 0 to z = L in order to calculate 6. The perturbed
energy change is then averaged over t, and the phase angle p,. We will not average

over guiding center position at this point. The averaged form for (§7)¢, ,,, which comes

from a straight forward integration of (75) or (76) is given by

E 0o
(61t 0, = 8UZ°,‘;’, CLAML Y (@teatoata), (50
a==-00
where
UJ_°L3 2 _ (Y7 tm ]
= B () i (¢ 1) -2 (¢ 1)
olUsz,
U? Lk . .
LR e
oUx, Wi
L2
w“ ('I“'— - e‘“— 1) [(w - k:Uz,, /'70) Tras — k.LUl.., U[‘Ao/’fo] ’ (91)
U}.,La 2 . i T B+ -
Qyq = —m ((A)2 - kz) (1[1._6‘“ —c'# + 1) ;‘—: —e'# +1 H[‘A.
U? L3k . 3
- TAeTE [iy it - e 1] Hr,
oUs , WH_
L2
W (e~ —1) [(w + ksUs, /7o) Tras — k1UL Uras/70) s (92)
+ -_—
by = (“’ - 3Bo/7o + ksUso/'Yo) Lz"o/Us,a (93)
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Hrp, = DF._DA. [: (K2, (94)

Trae = Hrao + K, J, (Ki,) {J:'(KL.) Dr,0\,

— . (Kz.) [PFes1Dr011 ';' D s—1Ppaci] + s2J, (KIE; D20y, }’ (95)
Uras = —&2%}(—[“—){%—1 (Kz.) [Dfe-1Drecr = OFuDpl]
+Jat1 (Kz,) [OF s1D0041 — DfuDra] } (96)
The functions a; and a3 are related to a; and a4 by
ay (ks) = a1 (—k), (97)
oz (ks) = ae (—ks) - (98)

Equation (90) for (64)¢, o, contains a double sum over the cavity mode harmonics I
- and A. For the cylindrical coordinates expansion, I" and A are restricted to: ' = Nj+m
for j =0, £1, £2,... and A = Nk +m for k = 0, £1, £2, .... For the Cartesian
coordinates expansion, the non-negative harmonics which satisfy I' = 2Nj + m, where
1=0,1,2,...,,and A =2Nk + m, where k =0,1,2,..., are allowed. When m =0, the
two Cartesian I' cavity mode harmonicsI' = 2Nj)+m and I' = 2Nj—m, and the two A
cavity mode harmonics A = 2Nk +m and A = 2Nk — m are identical. In this case, the
sums over I or A can be writ.ten as twice the sum for all ' = 2Nj or A = 2Nk. Note
again that for the cylindrical expansion, if rz, > r4c, one must make the replacement
C! — J and J — C! in the above relations.

In (90), the variation of (67):, ,, With guiding center position only enters through
the factors Dg,D,,, Df,41D4041, and Df,_;D,, ;. Averaging over the guiding cen-

ter position y,., from 0 to = for the cylindrical case or z;., from 0 to L. for the
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Cartesian coordinate case collapses the double sum over I' and A to a single sum
with T = A and D;,Dg, replaced by either [C{_,]* or [cos(ky.y,c,)? cos(sAr)? +
sin(ky, Ygc,)? sin(sAr)3)/2. For the cylindrical slotted gyrotron oscillator, the resulting
expression for (67)¢, o, y,., 28rees with the results of Chu and Dialetis [11-12]. While
this guiding center averaging is reasonable for modeling an axis-symmetric beam in a
cylindrical cavity, it is not reasonable in a rectangular cavity, where z,.  cannot re-
alistically be taken within rp, of the cavity walls. If m = 2Nt where ¢ = 0,1,2,...,
then the RF field shows a N-fold periodicity in the z direction and the simplifying
z,., averaging can be done from L,(j/N) to L.(k/N), where 0 < j < N — 1, and
J<k<N.

The form of (67)¢, o, given in (90) is a very complicated function of the beam and
cavity parameters. It is far from the most compact form for the net energy change, and
it does not clearly show the separate contributions from the electron cyclotron maser
interaction, the peniotron interaction, and other interactions. A more compact form
can be obtained by combining and re-arranging the terms in a; + az + az + a4. To

start off with, we will re-write (6v),_, in the form

o0
—_ o"ow sn T k.LU.Lo U
(6, o = K302 kT zr _s_A AL" A% ._E_oo { [7—0 rae = = Uras §

ZAk,U_L U}_ 2 2.2 ,
e ——do 1,2 k2

+ 7T ng T [w IX?) Hrao§
.kzL' UJ_ kl k;Uz
—_— 2 2 T [ 99

+i = [%U'O Hras + e s (99)

where

A = (s_ﬂ_ —w) o (100)

Yo ksUz.,
—i{ixA+(I-1)n]
e +1 . IxA
- -1 . 101
§ 2(2? —1)? 4(A?-1) (o)
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While (99) shows explicitly the rapid variations in the magnetic mistuning variable
A about the harmonic resonances, one can still obtain a simpler form for ()¢, o, -

Upon expanding and re-writing the Hra,, Tras, and Ur,, terms, the following final

expression can be obtained

(6,00 = — :;IZ;:’ Z Z-‘r DPaEAADAa

s=—oo T

Yo Ulo kg dA W d\

sJo(Ki,) 80 kiU, )
KL, Yow  Yow Je (Kzo) o)

{Ui.,J:’ (Kz.) (g dg(\) _ ks dw(x))

~ 28! (KL.)(
__kiU.i, ”2 + 7
o (V&1 (Ke,)g(At) = T2 (Ki,) 9(A7)]
_,.k.L.[Ui.J:’(KL,) (gifQ_) ke dAF(2) )
4 YoUs, ky dA w d | w

— 2571 (Kz,) ("J'K(Km) [k U,

- Sk [k, 0, (I (Ke) FO) = T2, (Ke) £17)

(102)

o (<]

(A1) = 1)+ 70| - EE2Le, (K2 1)

+ kUs, (Jog1 (Ki,) Jogq (KL,) + Jo=1(Kz,) J5_y (Ki,) + 24, (KL,) J; (KL,))]]}’

where
cos(u) \?
= () (109
A 4sin(u) cos(u)

=y YeLpi-y (104)

N ACE L W) o
V= ( Yo ) kUy, ’ (109)
=lxA/24 (I -1)x/2. (106)

As the product Y AL°Dg, 3, ALD,, isreal, . 1d since all of the variables and functions

within the brackets {...} are real, the first set of terms in (102) give the real part
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of (67)¢, o,, and the second set of terms multiplied by ¢ give the imaginary part of
L (61)¢, p,- As is shown below, Re({(67)¢, .) and Im({67)¢, ».) respectively determine
the gyrotron start dscillation beam power and resonant frequency detuning. Averaging
over the guiding center angle ¢, for a cylindrical cavity or over z,., for a rectangular
cavity again leads to a reduction of the double sum over cavity eigenfunctions to a single
sum. After averaging the product }_ AL* D¢, 3, ALD,, isreplaced by 3" |AL|2|€r.|2,
where |€r,|? is either [C]_,]? (or [JE_,)? if r, > rgc,) or [cos(kyryge,)? cos(sAr)? +
sin(kyp Ygc, )2 sin(sAr)?)/2 respectively for cylindrical and Cartesian geometries. The
smooth walled limit of equation (102) is obtained by taking the limit w — O or §, — 0
in the dispersion relation, and by using I' = m, ALé;,r =1, 4}/ =0.

The full behavior of (67)t, ,, is clearly given by equation (102). The guiding center
dependence is given by the factor " AL*Dg, 3=, A5D,,; the resonance behavior as a
function of magnetic field about the cyclotron harmonics is given by the functions ¢
and f; and the several interactions which simultaneously take place in a gyrotron are
W’ explicitly separated. Cyclotron maser and Weibel emission resonances are given by
the terms in U3 J.?/~,U,,(...). The terms in 2sJ;(...) are due to cyclotron maser
absorption. Peniotron emission and absorption resonances are represented respectively

by the terms with the factors g(A~), f(A~), g(A*), and f(At). We note that equation

‘ (102) for a smooth walled cylindrical cavity is equivalent to the relation derived by

Brand (23|, and that the real portion of (§7)¢, o, averaged over ¥y, is in the same
l form given previously by Vitello [24]. For slotted cylindrical oscillators, the real part of
4 equation (102) can also be shown to equal the more complicated relation by Chu and
Dialetis [11-12].

The start oscillation beam power and the frequency detuning equation for steady

{ state operation for any TE,,,; mode can be found directly from (§7)¢, o,. Taking the

unperturbed beam energy to be P;, the total net energy transferred from the beam
|
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to the cavity fields is given by Py(69)¢, ,/(7o — 1). Quite generally [25], the starting

power can be given by

QP = —8.6 x 10°W (v, — 1)/Re((67)¢, ) kW, (107)

and the frequency detuning due to the presence of the beam is

w—w, _ 1 Im({(61)¢, .)

wo  2Q Re((67)e, o) (108)

where w, = (ki + kf) 13 is the cold cavity frequency. For gyrotron tubes, the quality

factor Q is due mainly to diffractive losses, and with a good estimate of its value
obtained from cold cavity tests (107) provides an good estimate of the actual start
oscillation power required. By contrast, the linear theory values for the frequency
detuning often differ significantly from the detuning under normal high field operating
conditions (23] and should used with caution. Again we stress that for rz_ > ryc, there

must be a replacement in the above relations of ¢! — J and J — CZ.
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IV. Discussion

We have extended the modeling of the linear kinetic theory for gyrotron oscillators
to cavities with slotted rectangular and cylindrical co-axial cross sections. The averaged
beam perturbed energy change is shown in a form (102) which is the same in rectangular
and cylindrical cavities. The cavity geometry determines only k) and the magnitude
of each harmonic contribution to the overall RF cavity field of a particular mode. For
each harmonic, the functional form of the differing interactions, such as the electron
cyclotron maser and the peniotron interactions, do not vary with the cavity geometry
and are the same for smooth walled and slotted tubes. Studies of the relative strengths
of the interactions for smooth walled gyrotrons [25] can therefore be applied directly
to slotted cavity devices.

We apply here our results to the slotted rectangular and cylindrical cavities dis-
cussed earlier. In the case of a cylindrical cavity we set R; = 0, average (67)¢, ,, over
¥Ygc,» and use an axis encircling electron beam to allow for comparison with the results
of Chu and Dialetis [11-12]. In Figure 3 we show the Ey RF field profile for the TE3;;
mode for a cavity with N = 6 and R, = 1.4. As one of the major advantages of the slot-
ted cylindrical cavity is the reduction of the start oscillation condition with increasing
R,, we plot QP, in Figure 4 for both the electron cyclotron maser interaction and the
peniotron interaction as a function of R,. In the figure, L, is increased with increasing
R, to hold k /k" fixed at 10.7. The decrease in QP, with R, is partially due to the
effects of a longer cavity, but is primarily caused by the increasing slot depth. The
electron cyclotron maser emission curve for 49.9 KeV is terminated at the R, value
where the Larmor radius strikes the cavity wall. Our results for the electron cyclotron
maser QP, are in agreement with Chu and Dialetis. However, we find that at low beam
energy the start oscillation condition is actually smaller for the peniotron interaction.
Chu and Dialetis give results only for the electron cyclotron maser resonances and do

not consider the peniotron resonances.
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As an example of the effect of slots in a rectangular cavity gyrotron oscillator we
will consider the start oscillation condition QP for the cavity and beam parameters
investigated by Han and Ferendeci [17] for a slotted rectangular cavity gyro-TWT. For
the TEo2; mode, which Han and Ferendeci found to give strong sixth harmonic emis-
sion, we place the electron beam in Region I at z,., = L,/2, y,., = R/2. Figure 5
shows the E,; component of the RF field. The strong fringe field observed in this figure
couples very strongly with high harmonic emission. This coupling will be significant
at high harmonics since with rising harmonic number s the growth of the the Larmor
radius, r, =~ 8f,, /w, allows the beam to increasingly penetrate the fringe fields. In
Figure 6 we show QP, for the slotted rectangular cavity as a function of magnetic field
for multiple harmonic emission. Harmonics greater than the sixth are not shown as the
beam Larmor radius would be greater that one-half the cavity width R. For comparison
@D, for a smooth walled rectangular cavity is shown also. For our beam position, the
smooth walled cavity only shows emission at the even harmonics. For the slotted cavity,
harmonics for s =1-3 are dominated by the electron cyclotron maser instability. The
fourth harmonic is due primarily to the peniotron instability. For harmonics greater
than fourth, both the electron cyclotron maser and peniotron instabilities strongly con-
tribute. It is evident that the addition of slotted not only enormously enhances the
very high harmonic (s > 4) interaction and hence greatly lower Q Py, but this enhance-
ment sncreases with increasing harmonic number. This decrease in Q P, with harmonic
number is implicit also in the ridged gyro-TWT modeling of Han and Ferendeci. For
the smooth walled rectangulir, smooth walled cylindrical, or even ridged cylindrical
cavities with axis encircling beam previously studied in the literature, the standard
behavior with increasing harmonic number is a growth in the start oscillation beam
power. The high harmonic interaction observed here for the ridged rectangular cavity
shows a great potential for the practical development of a high frequency, low magnetic

field gyrotron oscillator.
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In conclusion we find that for complex cross gyrotron cavities the start oscillation
condition can be written in a form which separates the geometric factors from the phys-
ical interaction terms. An analysis of slotted cavities using this formalism shows that
slots can be used to enormously enhance the high harmonic RF field, beam interaction
for both rectangular and cylindrical cavities, and for both the fundamental electron

cyclotron maser and the peniotron interactions.
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Figure 1a.
Figure 1b.
Figure 2.
Figure’ 3.
Figure 4.

Figure 5.

Figure 6.

Figure Captions
Cross-section of the slotted cylindrical gyrotron.
Cross-section of the slotted rectangular gyrotron.
Guiding center coordinate system.
Es RF field for a ridged cylindrical cavity with R, = 1.4, 6, = r/2N, N = 6.
Variation of the start oscillation condition for the third harmonic electron cy-
clotron maser interaction (dashed curves) and second harmonic peniotron inter-
action (solid curves) as a function of R, for the TE3;; mode. The beam axial
velocity is 85, = 0.1.
E, RF field for a ridged rectangular cavity with L, = 2.186, R, = 1.198, w =
0.05466, and N = 3.
TEo3: mode start oscillation condition for the rectangular cavity for the electron
beam with 72 keV, and 8,, = 0.28. The solid curve gives QP for the ridged cavity,

while the dashed curve gives QP; for the smooth walled cavity.
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